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ABSTRACT 
This paper presents a criterion for high-codimensional bifurcations with several 
pairs of purely imaginary eigenvalues in terms of the properties of coefficients of 
characteristic polynomials instead of those of eigenvalues. It uses the Routh-Hurwitz 
determinants and is convenient in the symbolic analysis of complicated systems. 
0 1997 Elsevier Science Inc. 
1. INTRODUCTION 
When parameters in a system of differential equations are varied, the 
qualitative structure of its solutions may change. These changes are called 
bifurcations [I]. For example, the Hopf bifurcation is a route for a nonlinear 
system to change from steady states to persistent oscillations. The traditional 
theory about Hopf bifurcation is stated in terms of the eigenvalues of the 
Jacobian matrix. Real-world problems usually include many parameters (e.g., 
[3], an application in epidemic models). To analyze such systems, one usually 
resorts to symbolic computations [4]. For complicated systems, however, 
symbolic computations seldom yield meaningful results about the eigenval- 
ues. For systematic analysis with symbolic calculations, it is ideal to have a 
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criterion stated in terms of the coefficients of the characteristic polynomial. 
Liu 151 presents a criterion for the simple Hopf bifurcation where a pair of 
imaginary eigenvalues passes through the imaginary axis and the other 
eigenvalues remain in the left half plane. His criterion makes use of the 
Routh-Hurwitz determinants and does not directly use eigenvalues. It is 
convenient in many applications. But his criterion does not cover the high- 
codimensional bifurcations [l, 21. In this paper, we consider an m-codimen- 
sional bifurcation: all eigenvalues of the Jacobian matrix have negative real 
parts before the bifurcation, and m pairs of imaginary eigenvalues are on the 
imaginary axis while all other eigenvalues remain in the left half plane when 
the bifurcation occurs. 
2. NOTATION 
We use the notation in [l, 51 with minor changes. Consider a system 
a! =f&), x E R”, CL E R”, (1) 
with an equilibrium x0 for p E R, where R is a simply connected open 
region in R” and f is sufficiently smooth in both x and p. We are interested 
in the situation that the Jacobian matrix J( CL) = D&,(x,) is stable, i.e., all its 
eigenvalues have negative real parts for I_L E 0, and that J( /_Q,) has m pairs 
of purely imaginary eigenvalues and n - 2m eigenvalues with negative real 
parts for a boundary point p0 of 0. 
Let us denote the characteristic polynomial of the Jacobian matrix J( CL) 
bY 
pn( A; P) = det[ AI, - J( P)] = ~4 P> + P,( P)A + e.0 +P,( P) A”, (2) 
where every pi( /A) is a smooth function of p, p,,( ~1 = I, and we can restrict 
ourselves to the case p,,( /_L) > 0 because there is no nonnegative real zero of 
pn( h; ~1. The k th Routh-Hurwitz matrix of pn( A; /A> or J( CL) is defined by 
Lk( PI = 
Pd PI 
PA PL) 
Pcd PI 
PA CL) 
. . . 0 
. . . 0 
> -- Pi4 Pa-1( CL) Pz&2( I-L 
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where pi(p) = 0 if i < 0 or i > n. According to [6], the Routh-Hurwitz 
criterion can be stated as that all zeros of the polynomial pn( h; /.L) have 
negative real parts if and only if pO( /L) > 0 and the 12 Routh-Hurwitz 
determinants are positive: 
Dd IL) = det J%( CL) = pd CL) > 0, 
D2( p) = det L,( /L) = det 
D,,( CL) = det b,( FL) > 0. 
Since D,,( /A) = pn( pu)D, _ 1( CL) and for characteristic polynomials pn( CL) = 1, 
the Routh-Hurwitz conditions can be expressed as 
PO > 0, D, > 0, D, > 0, . . . , D,-1 > 0. (3) 
3. CRITERION 
Before presenting our criterion, we need a lemma. 
LEMMA 1. Assume the Routh-Hurwitz determinants of the polynomial 
qn_z( A) = qo + q,A + -** +q”_2A”-2 
am Q1, Q2,. . . , Qn_2. Zfp,(h) = q,_,(AXh’ + p>, then the Routh-Hunoitz 
determinants of p,(h) are 
D, = PQ1, D, = p2Q2,. . . , D,,_, = P"-2Q,-2, on-1 = on = O. 
Proof. Let p,(h) = p, + p,h + a** +p,h”. We have pi = /Iqr + qi_2 
(i = 0, 1,. . . , n>, where qi = 0 if i < 0 or i > n - 2. The nth Routh-Hurwitz 
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matrix of p,(A) can be written as 
L, = 
P41 P40 0 0 . . . 
P93 + 91 P92 + 90 P91 P90 **- 
p95 + 93 P94 + 92 P93 + 91 p92 + 90 *‘* 
P97 + 95 P96 + 94 P95 + 93 P94 + 92 **’ 
0 0 0 ;, ..: ‘dn-z 
The Routh-Hurwitz determinants can be calculated as 
P91 
D2 = P93 + 91 
90 
P92 + 90 
Using the properties of the determinant, we can obtain other equalities. D, _ 1 
is zero because we repeatedly use a row to eliminate the second terms in the 
next row and the last row becomes a zero row. Since D,, = D, _ 1, D,, is also 
zero. n 
THEOREM 1. Let the characteristic polynomial of an n x n matrix J be 
pn( A) = det( AI -1) = p, + p,h + a.. +p,,,+” (P” = 1). 
If J has m (1 < 2m < n) pairs of purely imaginary eigenvalues and n - 2 m 
eigenvalues with negative parts, then 
(a) p, > 0, pi >, 0 (i = 1, . . . . n-l); when n>2m, pi>0 for i= 
0, 1, . . . , 72; 
(b) the 2m higher-order Routh-Hun&z determinants of p,(h) are equal 
to zero, i.e., D,, = D,_1 = 1.. = Dn_2m+l = 0; 
(c) when n > 2m, the remaining n - 2m lower-order Routh-Hurwitz 
determinants are positive, i.e., D, _ 2m > 0, . . . , D, > 0. 
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REMARK. Since D,, = p,D,,_, = Dn_l, in applications it is unnecessary 
toverify D,, = Owhen Dn_l = 0. Moreover, when n > 2m, D, = p,. Thus, 
p, > 0 implies that D, > 0. 
Proof. If J has m pairs of purely imaginary eigenvalues and (n - 2m) 
eigenvalues with negative real parts, then 
Pn(*> =4..2rn(A)tfi(AZ + Pi) (&>O, i=l,..., m). 
If n = 2m, then 90(h) = 1, all odd-degree coefficients of p,(A) are zero, 
and all its even-degree coefficients are positive. If n > 2m, then 9”_ am( A> is 
a stable polynomial of degree at least one, all its coefficients and Routh- 
Hurwitz determinants are positive. Thus, all coefficients of p,(h) are positive, 
Repeatedly using Lemma 1, we can show that 
D” - 2 111 = p;-2112 . . . Pn:-2’nQn-2m > 0, 
Dn-e,,,+l = 0, . . . . D,_, = 0, D,, = 0. n 
Note that the converse of Theorem 1 is not true. Consider the following 
example. 
EXAMPLE. Let p,Jh) = (A + yXA2 - 2ah + PXA2 + 2ffh + PI, 
where y > 0, p > 0, and 0 < CY < m. Therefore, P,~(A) does not have 
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any purely imaginary zeros. All coeffkients of p,(A) are positive, and 
L, = 
/ P2 YP2 0 0 0 
2/S-4as Y(2~-4as) ~2 YP2 0 
1 Y 2/3-4a2 ~(2P-4os) P 
0 0 1 Y 2P-4a2 
0 0 0 0 1 
po = YP2 > 0, D, = /?’ > 0, D, = D, = D4 = D, = 0. 
According to Orlando’s formula [6] 
l,...,n 
D n_ 1 = ( - q(n- l)nP IJ (4 + A\k)> 
I 
where Ai (i = 1,. . . , n> are the zeros of p,(A). Therefore D,_ 1 = 0 if and 
only if the sum of two zeros of p,(A) is zero. We consider the case where 
p,(A) does not have nonnegative real zeros. The only two possibilities for 
D n-1 = 0 are (i) that there is a pair of purely imaginary zeros and (ii) that 
there are two pairs of imaginary zeros (Y f wi and - (Y k wi (a > 0, 
w > 0). When /_L E Cn, the matrix J is stable, i.e., all its eigenvalues have 
negative real parts. When the eigenvalues change continuously with the 
parameters, at /_L~ E alR, situation (ii) cannot occur, that is, the eigenvalues 
cannot jump to the right half plane without crossing the imaginary axis. 
Therefore, we have the following result. 
THEOREM 2. Assume J( p) is the Jacobian matrix of the system (1). Zf in 
a simply connected open region C! of p in R” and at the equilibrium x0, the 
characteristic polynomial p,(A; /J) of J( /J) is stable, i.e., po( pu> > 0, D,( p) 
D,- 1( p) > 0, and if p. is a bounda y point of 0 where po( po) 
= :&;,,, > 0, D,_J po) = ... 
onehas’D,_,,(~,) > O,..., 
= D,_2,+1(~o) = 0, and for n > 2m 
D,( po) > 0, then there is an m-codimensional 
bz+cation with m pairs of purely imaginary eigenvalues at p = po. 
The next question in bifurcation theory is what will happen when p 
passes through po. We mainly consider the important special case of bifurca- 
tion with two pairs of purely imaginary eigenvalues. We can use following two 
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lemmas to prove our results summarized in Theorem 3. 
LEMMA 2. Suppose the polynomial p,( A; ~1 can be factorized as 
p,(A; /J) = q,_z,(A; P)rs,(k FL), (4) 
where the leading coeffkients of p,, qn_sm, and rem are all equal to 1, and 
p,(A; p) is a stable polynomial for TV E Q in R”. Further assume that in a 
neighborhood of t.~~ E aKI, q,, _ ,,(A; ~1 is a stable polynomial, and 
rzm(A; t.~) = nyEn,,(A2 + 2ajA + pi) w h ere cxi and pi are smooth functions 
of t_~. All pi (i = 1, . . . . m) are positive in the neighborhood of t.~~, and all 
cxi = 0 when p = t+. Then in a neighborhood of t_+,, the Routh-Hurwitz 
determinant of pn( A; p.) is 
Q-d CL) = cc P)Qn-2m( P)Rzm( CL), (5) 
where C( t-~) > 0, and Qn_ sm( /_L) and R,,( CL) are the Routh-Hurwitz deter- 
minants of qn_ 2m(A; CL) and r2,(A; ~1. 
Proof. Let A,, A,, . . . , A,_ s,,, be the zeros of qn _2,(A; P), and 
A n-2m+lP”‘> h, be the zeros of r2,(A; p). By Orlando’s formula, 
l,...,n 
Dn_I( p) = ( - l)“(n-1)‘2 lTJ (*i + ‘k) 
l,...,n-2m 
= 
I-I (Ai + ‘k) 
k=n-&m+l,...,n 
[ 
i=l,...,n-2m 
x (-1) 
h-PmXn-2m-1)/2 
IJ (4 + *k) 1 
[ 
n-2m+1,...,n 
x (-1) 
2wd2m - o/2 
tpk (hi + *k) * 
I 
(6) 
The product in the first pair of brackets is equal to Q,, _ 2m( /.L). The product 
in the second pair of brackets is nothing but R,,( t.~). What we need to show 
now is that the product before the brackets is positive. When Ai is a negative 
real number and A, is a purely imaginary number, 
( Ai + A,)( Ai + Ak) = I hiI2 + lAk12 > 0. 
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When Ai is an imaginary number with negative real part and A, is a purely 
imaginary number, 
( Ai + A,)(& + &) = IA, + A,12 > 0. 
So the lemma is proved. n 
COROLLARY. Under the assumptions of Lemma 2, if m = 2, then 
p,(k P) = G( P)%(P)> (7) 
where G( /.L) > 0 in a neighborhood of /_+, E ~JL! and 
R4( Pu) = 4V,[( PI - I%>” + 4(% + %H P2.% + &%>]. (8) 
Proof. Since qn-2n,(A; CL) is stable, G(p) = C(P)Q,_~(CL) > 0. The 
only thing one needs to verify is that R,( p) can be written in the form of (8). 
l 
LEMMA 3. Under the assumption of Lemma 2, if m = 2, then in a 
neighborhood of pO, 
Q-2( CL) = 4 /-4K2~~ + B( ~)&‘-~a2 + o(~I> (~2) (9) 
and 
Dn_J P) = A( ~)Pz”-h + B( /4K3~2 + o(~I, a217 (10) 
where A( p) and B( EL) are positive and O(LY~, cx2) represents high-order 
terms of cxl and cy,. 
Proof. D,_ 2( CL) and D, _& /.L) are polynomials in ayl = a,( CL) and 
% = a,( /_L). For convenience of the proof, we denote them by D, _ 2( cxl. a,) 
and Dn_3(ay1, cu,). Their Maclaurin expansion can be grouped as 
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and 
Dn-3( al, a2) = “I&((4 + a2g2(a2) +v2g3h a21 (12) 
where _flp _f2, .f3, g,, g,, and g3 are polynomials. When (Ye = 0, (11) and 
(12) become 
%2(Ql70) = ~lfl(4 and Dnw3( a,,O) = algl( al>. 
On the other hand, by Lemma 1, 
where H,_ 2 and H,, _ 3 are the Routh-Hurwitz determinants of the polyno- 
mial 
&_,(A; al) = (A” + 2qh + Pl)9”4(~). 
Thus, H,_,(a,) = H,_,(a,). The coefficients of Iz,_~(A; (Y,) are 
hi = &qi + 2~1,9,_~ + qi_2. 
Therefore, the (n - 3)th Routh-Hurwitz matrix of /z,,-~(A; 0,) can be writ- 
ten as 
Ln-3( or) = M,_, + 2a,N,-,, 
where M,_ 3 is a matrix of rank n - 4, and N,, _ 3 is s nonsingular matrix (see 
[5]). Note that 
Hn_3(0) = detL,_,(O) = det M,_, = 0; 
hence the Maclaurin expansion of H,_ ,(a,> is 
H,_,(q) = Ccr, +0(q). 
According to Lemma 2 of [5], C # 0. Thus, 
~*-2(“1,0) = qp2”-“c + o(q), 
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and 
When (Ye > 0, D,, _ 2 and D,_ 3 must be positive. Therefore C > 0. Consider 
the symmetric case where CY~ = 0, we can get the similar expansions of 
D,_ ,(O, cuz> and D,_3(0, a,). Combining these results, we have (9) and (lo), 
where A( /..L) and B( /..L) are positive in a neighborhood of /_Q,. n 
Now we present our result for the bifurcation with two pairs of purely 
imaginary eigenvalues. 
THEOREM 3. Assume that Cl is a simply connected open region in R2; 
for TV E Q the characteristic polynomial pn( A; /.L) (n > 4) of the system (1) at 
the equilibrium x0 is stable; t.~ is a boundary point of R. There is a 
bifurcation of two pairs of purely imaginary eigenvalues 
{ol,( /.LJ = 0, Oj( /.LJ > 0, 
- a& /_L) f wj( p)i, 
j = 1,2) ifand only ifp,,(& > 0, D,-l(~,,) = 
Dn_2t~,,) = D,_3(/4 = 0, and when n > 4, D,_&& > O,..., Dl(pO) 
> 0. When I_L leaves Cl passing through pO, there are the following diRerent 
situations: 
(i) D,_,(p)<0 $and only if a pair of the imaginary eigenvalues 
moves to the right half pl ane and the other pair returns to the left half plane 
( oj( p) > 0, ‘Y~_~( /_L) < 0, j = 1 or 2) except for the mirror symmetric case 
ffl = -(Ye # 0 and RI = R2. 
(ii) D,_l(p) > 0, D,_2(~) < 0, and D,_3(~) < 0 ifand only ifthe 
two pairs of the imaginary eigenvalues both move to the right half plane 
(ol,( ~1 < 0, j = 1 and 2); 
(iii) D,_l(p) > 0, D,_2(~> > 0, and D,_3(~) > 0 ifand only ifthe 
two pairs of the imaginary eigenvalues both return to the lef half plane 
(c$t.~.) > 0, j = 1 and 2); 
(iv) D, _ 1( P> = 0, D, _ 2( ~1 < 0, and D, _ 3( /_L) < 0 if and only if a pair 
of the imaginary eigenvalues moves to the right half plane and the other pair 
remains on the imaginary axis (a;( t_~) < 0, ‘Y~_~( TV) = 0, j = 1 or 2); 
(v> Dn_l(~> = 0, D,_JP) > 0, and D,, _ J TV) > 0 if and only if a pair 
of the imaginary eigenvalues returns to the left half plane and the other pair 
remains on the imaginary axis (cY~( /_L> > 0, ‘Y~_~( /_L) = 0, j = 1 or 2); 
(vi) D,_ 1( p) = D,, _2( TV) = D, _3( /L) = 0 if and only if the two pairs of 
the imaginary eigenvalues remain on the imaginary axis (a;( ~1 = 0, j = 1 
and 2) or a pair returns to the left half pl ane and the other pair moves to the 
right half plane with mirror symmetry about the imaginary axis (a,( t.~) = 
- cQ( II), WJ CL) = WJ IL) > 0). 
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Proof. The condition for a bifurcation with two pairs of purely imaginary 
eigenvalues - crj f i wj [ czj( /.Q) = 0, j = 1,2] is an application of Theorems 
1 and 2 to the special case m = 2. We note that wj = dfl when there 
are factors A2 + 2 ajh + pj ( pj > 0). 
Using the corollary of Lemma 2, we can show that in a neighborhood of 
pO, the sign of 0, _ J ILL) is the sign of (Ye CY~ when PI z p2, and is the sign 
of CX~(Y~((Y~ + a2)2 when p1 = &. 
Thus, II,_ 1( /J) < 0 if and only if (Ye a2 < 0 except for the mirror 
symmetric case ayl = - (Ye z 0 and p1 = p2, which is summarized in (vi). 
When D,,_ 1( CL) > 0, cxl and c+ must have the same sign. According to 
Lemma 3, D,_ 2( /.L) and D, _& p) must have the same sign as (Ye and CY~. So 
(ii) and (iii) can be verified. 
When D,_ 1( /J) = 0, there are the following possibilities: one and only 
one of (Ye and CQ is zero (in this case D,_, and Dn_3 have the same sign as 
the nonzero crj); both ayl and CQ are zero; crl = --cY~ f 0 and p1 = p2. 
They are summarized in (iv)-(vi). n 
REMARK. When f,< x> depends on p analytically, the points of J.L where 
DI( p) is zero must be isolated because Di( cc) > 0 for p E a. Situations 
(iv)-(vi) do not occur. There are only three possibilities: (i)-(C). 
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